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Abstract
The main purpose of this paper is using the mean value theorem of Dirichlet L-function and the estimates
for character sums to study the asymptotic properties of a hybrid mean value of Kloosterman sums with the
weight of Hurwitz zeta-function and the Cochrane sums, and give an interesting mean value formula for it.
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1. Introduction















x − [x] − 12 , if x is not an integer,
0, if x is an integer.
The sum S(h, q) plays an important role in the transformation theory of the Dedekind η function.
The various properties of S(h, q) were investigated by many authors. For example, Apostol [6]
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distribution of S(h, q), and proved an important asymptotic formula for
∑ ′q
h=1|S(h, q)|2k , where∑ ′q
h=1 denotes the summation over all 1  h  q such that (h, q) = 1. Professor Zhang [7]
improved the error term of [5] for k = 1.













where a¯ is defined by the equation aa¯ = 1 mod q . About this sum, some scholars have studied
the arithmetical properties and mean value distribution of it. For example, Professor Zhang found
























where φ(q) is the Euler function.














where ζ(s, a) is Hurwitz zeta-function.
This problem is interesting, because it can help us to find some relations between the Cochrane
sums, Kloosterman sums and Hurwitz zeta-function. By using the estimates for character sums
and the mean value theorems of Dirichlet L-functions, we shall prove the following main con-
clusion:
























where ε denotes any fixed positive number, ∏p‖q denotes the product over all prime divisors p
of q such that p | q and p2  q .
2. Several lemmas
To complete the proof of Theorem, we need the following lemmas.
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) is the Gauss sums corresponding to χ .
Proof. See Lemma 1 of Ref. [2]. 
Lemma 2. For any positive integer q , let χ be a non-primitive character modulo q , and q∗
denotes the conductor of χ with χ = χ∗q∗χ0q , then we have the following results:















where χ0q denotes the principal character modulo q , q1 is the largest divisor of q that has
the same factors with q∗, and μ(n) is the Möbius function;












(III) if χ is a primitive character modulo q , we have
G(χ,n) = χ¯(n)τ (χ).
Proof. See Lemma 3 of Ref. [8]. 
























χ mod q denotes the summation over all primitive characters modulo q and J (q) denotes
the number of primitive characters modulo q .
Proof. See Lemma 3 of Ref. [2]. 
Lemma 4. Let q = uv, where (u, v) = 1, u be a square-full integer or u = 1, v be a square-free
integer. Then we have the asymptotic formula









































+ O(q 12 +ε),
where χ0q is the principal character modulo q .
Proof. For convenience, we define
(q)∑
γ,δ









































F (γ, δ) =
(q)′∑
γ 2δ−1F(γ, δ) and
C(q)′∑
γ,δ
F (γ, δ) =
(q)′∑
γ 2F(γ, δ),
where the definition of
∑(q)′ is similar to that of ∑(q), but with each factor of the form μ(k)






where χ is any character modulo ud (= γ ) and M is any parameter with M  ud .



















































































































































































































































1312 R. Ganglian / J. Math. Anal. Appl. 330 (2007) 1307–1316The main term in the above formula comes from the term corresponding to δlmn =
g1g2d1d2lmn ≡ 1 with g1 = g2 = d1 = d2 = l = m = n = 1, and all the other terms are the





















































































































+ O(M 12 (Mq)ε), (3)
where we have used the fact that v is a square-free number, u is a square-full number, and the
identity J (u) = φ2(u)/u, if u is a square-full number.
In the following we shall estimate the other error terms. For any non-principal Dirichlet char-







where {x} denotes the fractional part of x, so we have












































































 q1+εM− 12 ln2 M. (4)














































































































 q1+εM− 12 ln2 M, (9)






















 q2+εM− 32 lnM. (10)




















+ O(q 12 +ε).
This completes the proof of Lemma 4. 
3. Proof of the theorem
In this section, we complete the proof of Theorem. For any complex number s = σ + it with
1/2 σ < 1, from [1] we know that


































































































Let q = uv with (u, v) = 1, u be a square-full integer or u = 1, v be a square-free integer, for
any non-primitive character χ modulo q , there is one and only one m | q with a unique primitive
character χ∗ modulo m such that χ = χ∗χ0q , where χ0q is the principal character modulo q , from
the properties of Gauss sums (see Ref. [4]) we have τ(χ∗)τ (χ¯∗) = −m, if χ(−1) = −1.
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This completes the proof of Theorem.
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